Abstract. Given a t.u.p.-semigroup (two unique product semigroup) X, we show if R is an X-graded ring then both its nilradical and Jacobson radical are homogeneous. This partially answers questions of Smoktunowicz and Jespers.
This paper is organized as follows. In §2 we discuss the basic theory underlying the study of t.u.p.-semigroups. In §3 we discuss graded rings and what is known on the homogeneity of Nil(R) and J(R). Using the ideas of [11] , we give a simple proof that any ring graded by a torsion-free nilpotent group has a homogeneous upper nilradical. In §4, we conclude by proving Theorems 1.1 and 1.2.
Semigroup theory
There has been extensive study on radicals of rings graded by unique product semigroups (u.p.-semigroups) and two unique product semigroups (t.u.p.-semigroups). For a survey of these results, see [5] and [8] . A semigroup X is said to be a u.p.-semigroup (resp. t.u.p.-semigroup) if for any two non-empty finite subsets A, B ⊆ X such that |A| + |B| ≥ 3, there exists one (resp. two) elements of X which can be uniquely written as ab, where a ∈ A and b ∈ B. Easily, every t.u.p.-semigroup is a u.p.-semigroup, but it is shown by Krempa (cf. [12] ) that not every u.p-semigroup is a t.u.p.-semigroup. However, it is shown in [15] that every u.p.-group is a t.u.p.-group. Furthermore, every u.p.-semigroup which can be embedded into a u.p.-group is a t.u.p.-semigroup (cf. [8] ). It is easy to see that every u.p.-semigroup is torsion free. However, not every torsion free group is a u.p.-group (cf. [13] ). Moreover, every u.p-semigroup is cancellative.
A semigroup X is said to be right-ordered group if the elements of X can be totally ordered with respect to a partial order ≤ and such that a ≤ b implies ac ≤ ac for all a, b, c ∈ X. It is well-known that every right-ordered semigroup is a t.u.p.-semigroup (cf. [8] ). Since every infinite cyclic group and every free group are right-ordered, these are two common examples of u.p.-groups.
We now remark that torsion-free nilpotent groups are also u.p.-groups. To see this, let G be a torsion-free nilpotent group. By ( [8] , Theorem 31.5) if G has a finite subnormal series
such that each G i+1 /G i is torsion-free and abelian, then G is right-ordered. However, it is then sufficient to consider the upper central series of of G, and so G is right-ordered and hence a u.p.-group. We make special note that if G is torsionfree and nilpotent then G/Z(G), where Z(G) is the centre of G, is also torsion-free and nilpotent, and hence right-ordered ( [8] , Lemma 30.16).
Graded rings and their radicals
Let R be an associative ring with unity. We will denote the Jacobson radical of R by J(R) and the upper nilradical of R by Nil(R). If X is a semigroup, we say that R is X-graded if there exists additive subgroups R x of R such that
and such that R x R y ⊆ R xy for all x, y ∈ X. Each nonzero r ∈ R can uniquely be written as r = r x , where r x ∈ R x , and r x = 0 for almost all x ∈ X. The elements of each R x are called homogeneous elements. Moreover, we say that an ideal of R is homogeneous if it is generated by homogeneous elements. For r ∈ R, define the support of r to be the set {x ∈ X : r x = 0}. We then define the length of r, denoted (r), to be the number of elements in the support of r. The following definition will be used extensively throughout this paper. Definition 1. Let X be a semigroup and let R be an X-graded ring. We say an element a = a 1 + · · · + a n , where each a i is homogeneous, is X-short if a ∈ Nil(R), a i ∈ Nil(R), and (a) is minimal amongst all elements of R with the preceding properties.
Suppose X is a u.p-semigroup and R is an X-graded ring. It was shown in [6] that all minimal prime ideals of R are homogeneous. In particular, it is then clear that the prime radical of R is homogeneous. It was also shown that the Levitzki radical of R is homogeneous.
The Jacobson radical is much less understood. It is known that if G is a free group, a finitely generated torsion-free nilpotent group, a free solvable group, or a residually finite p-group for two distinct primes p, then J(R) is homogeneous for any G-graded ring R [7] . It should be noted that each torsion-free group of the previously listed group types is a particular type of u.p.-group. If X is a commutative semigroup then it was shown in [10] that J(R) is homogeneous for any X-graded ring R if and only if X can be embedded in a torsion-free abelian group. It was asked in [5] if J(R) is homogeneous, where R is graded by a u.p.-semigroup. Theorem 1.2 answers a weakened version of this question for t.u.p.-semigroups, which generalizes the results mentioned above.
Even less is known about the upper nilradical of R, where R is graded by some semigroup X. To date, it is known that if X is an infinite cyclic group or a commutative and torsion-free group, then Nil(R) is homogeneous. It was asked in [5] if Nil(R) is homogeneous provided that X is a u.p.-semigroup. Theorem 1.1 answers a weakened version of this question. Moreover, this provides a partial answer to the question posed in [14] , which asks for which groups G does every G-graded ring R have a homogeneous upper nilradical.
We now provide a short proof that any ring graded by a torsion-free nilpotent group G has a homogeneous upper nilradical. This proof generalizes the ideas used in [11] for the case when G is abelian. As remarked in the earlier section, every torsion-free nilpotent group is a u.p.-group. Therefore what follows is implied by Theorem 1.1, but we show it anyways to demonstrate how the methods used in [11] can be extended. Proposition 3.1. Let G be a nilpotent torsion-free group. Then for every Ggraded ring R, Nil(R) is homogeneous.
Proof. Let R = R g be a G-graded ring. We prove this by induction on the index of nilpotence of G, N .
If N = 1 then G is abelian and so this follows by [11] . We give their elegant argument now, as it will be referenced later in the proof. Assume for contradiction that there exists an a = a n 1 + · · · + a n k ∈ Nil(R) such that a is Gshort. Let r g ∈ R g be homogeneous, for some g ∈ G. We see that ar g a n k − a n k r g a has fewer homogeneous components than a and so by minimality we have that ar g a n k − a n k r g a = 0. Here the assumption that G is abelian is used, since we use the fact that n k gn i = n i gn k for every i = 1, 2, . . . , k. But since this holds for every homogeneous element, we have that ara n k −a n k ra = 0 for every r ∈ R. Now, since a n k ∈ Nil(R) there exists p i , q i ∈ R such that α := b i=1 p i a n k q i is not nilpotent. However, since a ∈ Nil(R),
Now, if P is a minimal prime ideal of R we must have that α m ∈ P or RaR ⊆ P . If RaR ⊆ P then a ∈ P . As noted in §2, G is a u.p.-group. Then by [6] , P is homogeneous and so a n k ∈ P . Therefore, in any case, we have that α m ∈ P . But then α m is in the prime radical and so α m is nilpotent. Hence α is nilpotent, which is a contradiction. Therefore R must contain no G-short elements and so Nil(R) is homogeneous.
Assume that every H-graded ring has a homogeneous upper nilradical provided that H is torsion-free and has index of nilpotence less than N . Now let G be a torsion-free nilpotent group with index of nilpotence N . Then G/Z(G) has index of nilpotence N − 1 and there is a natural G/Z(G)-grading of R. Moreover, by the remark made in §2, G/Z(G) is torsion-free. By induction and minimality of k, we must have that each a n 1 , . . . , a n k are in the same coset of G modulo Z(G). Say n i = gz i for some g ∈ G and z i ∈ Z(G), for each 1 ≤ i ≤ k. However, since n i hn j = n j hn i , for every 1 ≤ i, j ≤ k, h ∈ G, we get as above that ara n k − a n k ra = 0 for every r ∈ R. Moreover, every torsion-free nilpotent group is a u.p.-group, and so we may produce the abelian-case argument to get that Nil(R) is homogeneous with respect to the original G-grading.
The Main Results
We now proceed to prove Theorems 1.1 and 1.2. We must first prove two closely related lemmas.
Lemma 4.1. Let X be a t.u.p.-semigroup and let R be an X-graded ring. If Nil(R) contains no nonzero homogeneous elements then Nil(R) = (0).
Proof. Let R = R x be an X-graded ring, where X is a t.u.p.-semigroup. Suppose that 0 = a = a 1 + · · · + a n ∈ Nil(R), is X-short, where a i ∈ R x i , for some x i ∈ X.
Note that a ∈ Nil(R) ⊆ J(R). Hence there exists a b ∈ R such that (1+a)b = 1. For any k ∈ N let b k be an element with (b k ) minimal such that a Similarly, if g = x N 1 x j e for some 1 ≤ j ≤ r, a N 1 a j b e = 0 and so by the minimality of n we have that a N 1 ab e = 0. We get an identical contradiction to the above case. Therefore, we have that a N 1 = 0. By symmetry, a i is nilpotent for any 1 ≤ j ≤ n and, moreover, the index of nilpotence of a i may be bounded above by the N (depending on i) constructed as above. Now consider any a i , where 1 ≤ i ≤ n. Let N be chosen as above so that a N i = 0. We show that N = 1. Let b 1 be constructed as above so that a i (1 + a)b 1 = a i and (b 1 ) is minimal with this property. To show that N = 1 it suffices to show that b 1 is homogeneous, so that the minimal length of all such b k is trivially obtained when k = 1. Suppose that b 1 = b e 1 + · · · + b er is the homogeneous decomposition of b 1 , where b e j ∈ R e j , e j ∈ X. For the sake of contradiction suppose that r ≥ 2. Let A := {x i } ∪ {x i x t : 1 ≤ t ≤ n}, and B := {e 1 , e 2 , . . . , e r }. By assumption we have that |B| ≥ 2 and so |A| + |B| > 2. Since X is a t.u.p.-semigroup there exists a g ∈ X such that g = x i and g can be uniquely written in the form αβ, where α ∈ A and β ∈ B. First suppose that g = x i e j , for some 1 ≤ j ≤ r. Since a i (1 + a)b 1 = a i and a i b e j ∈ R g , we must have that a i b e j = 0. By the minimality of n we must also have that a i ab e j = 0. Hence a i (1 + a)(b 1 − b e j ) = a i , which contradicts the construction of b 1 . If g = x i x t e j for some j and t, we get the same contradiction. Therefore we must have that r = 1 and so we have that N = 1. However, from the above we have that a N i = a i = 0. Since i was arbitrary, we must have that each a i = 0 and so a = 0, a contradiction. Therefore R contains no X-short elements and so Nil(R) = (0), as desired.
In the above, the only property of the upper nilradical used was from the fact that it is contained in the Jacobson radical. Therefore, the following lemma can be proved using the same method.
Lemma 4.2. Let X be a t.u.p.-semigroup and let R be an X-graded ring. If J(R) contains no nonzero homogeneous elements then J(R) = (0).
We are now ready to prove Theorems 1.1 and 1.2. We use a method of Smoktunowicz demonstrated in [14] to prove our result in the case when X = Z.
Proof of Theorem 1.1. Let M denote the unique largest homogeneous nil ideal of R. That is, let M be the sum of all nil homogeneous ideals of R. Consider the ring S := R/M , which is X-graded with the natural grading inherited from R. Suppose a ∈ Nil(S) is homogeneous with respect to this grading. Then a = r + M for some homogeneous element r ∈ R. However, since a ∈ Nil(S) and M is a nil ideal of R, we have that r ∈ Nil(R). Therefore r ∈ Nil(R) and so r ∈ M . Hence a = 0 + M and so by Lemma 4.1 we have that Nil(S) = (0). However, this then gives that Nil(R) ⊆ M and so Nil(R) = M is homogeneous.
Proof of Theorem 1.2. Let J G denote the sum of all ideals generated by homogeneous elements in J(R). Consider the ring S := R/J G , which is X-graded. Suppose that a ∈ J(S) is homogeneous. Then a = r + J G , for some homogeneous r ∈ J(R). But then r ∈ J G and so a = 0 + J G ∈ S. By Lemma 4.2 we have that J(S) = (0). But then J(R) ⊆ J G and so J(R) = J G is homogeneous.
Since the class of t.u.p.-groups contains a variety of well-known groups, we get the following immediate corollary. For details see [3, 5, 8] .
Corollary 4.1. Let G be a group and let R be a G-graded ring. Then Nil(R) and J(R) are both homogeneous ideals if G is at least one of the following:
(1) a free group; (2) a torsion-free abelian group; (3) a torsion-free nilpotent group; (4) a free solvable group; (5) a braid group; (6) a group which is residually any of the above types of groups; (7) a free product of groups from any of the above classes.
Concluding questions
We leave the reader with some open questions, which are loosely related to the Kaplansky zero divisor conjecture, which asks if R is an integral domain and G is a torsion-free group, then is the group ring R[G] a domain? Question 1. Does there exist a torsion-free non-unique product group and a Ggraded ring R such that J(R) or Nil(R) are not homogeneous? Question 2. Does there exist a torsion-free virtually nilpotent group G and a Ggraded ring R such that Nil(R) is not homogeneous? Does there exist a torsion-free semigroup X of polynomially bounded growth such that Nil(R) is not homogeneous for some X-graded ring R?
In particular, if there exists a torsion-free group G and an integral domain R such that Nil(R[G]) is not homogeneous then Nil(R[G]) = (0) and so R[G] is not a domain, disproving the Kaplansky zero divisor conjecture.
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